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Abstract: With the objective to generalize previous results found for a handful of explicit
solutions, we study the extended thermodynamics of a black brane with minimally coupled
scalar hair in D-dimensional asymptotically anti-de Sitter spacetimes. Using Komar integra-
tion and the Hamiltonian formalism to calculate the conserved charges, we obtain a Smarr
relation that is applicable to a wide variety of solutions and suggests a more general definition
of the thermodynamic volume. This volume is found to be proportional to the geometric vol-
ume, and a simple prescription is given to calculate the constant of proportionality. Moreover,
the method of Hamiltonian perturbations yields an extended first law of thermodynamics for
hairy black branes, thus giving a definition for their enthalpy. These results are verified then
by applying them to some of the explicit solutions that exist in the literature.
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1 Introduction
Since the publication of the extended first law of black hole thermodynamics in [1], which
allows for a varying cosmological constant, the addition of pressure and volume terms to obtain
a full cohomogeneity first law has become widespread. In this perspective, the asymptotic
spacetime energy M is interpreted as its enthalpy and the cosmological constant acquires
the meaning of pressure, with the geometric black hole volume as its conjugate potential.
Explicitly, in a D-dimensional Schwarzschild-AdS spacetime, the Smarr relation
(D − 3)M = (D − 2)TS + 2PV (1.1)
and the thermodynamic law
dM = TdS + V dP (1.2)
are obtained using purely geometric methods. These formulas can be extended to rotating
and charged cases [2, 3], to Taub-NUT spacetimes [4–7], to different black hole topologies
[8–10] and even to higher curvature theories of gravity [11, 12], provided that the notion
of thermodynamic volume is appropriately generalized. This quantity will only be equal to
the naive spatial black hole volume in the simpler scenarios. A review of most of these
developments can be found in [13]. Additionally, some explicit examples of extended first
laws are known to hold in the presence of scalar fields [2, 14], in which case the appropriate
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extension of the volume term is conjectured to be proportional to the average value of the
potential inside the black hole region.
Our study will focus on the thermodynamics of planar black holes with a minimally
coupled scalar field, which are asymptotically anti-de Sitter spacetimes that contain a horizon
with the topology of a plane. It is then wise to first review the case in which the scalar field
and any other matter fields are absent. We do this by summarizing some relevant results
found in [9] and [15]. The vacuum planar black hole solution is given by the metric
ds2 = −r
2
ℓ2
(
1− r
D−1
+
rD−1
)
dt2 +
ℓ2
r2
(
1− r
D−1
+
rD−1
)−1
dr2 +
r2
ℓ2
δijdx
idxj (1.3)
where r = r+ is the locus of the horizon and ℓ is the AdS radius. Unlike the spherical
case, the transverse directions xi, i = 1 . . . ,D − 2, are not compact, but we can make them
so by identifying xi ≡ xi + Li. Such a spacetime possesses (D − 1) evident Killing vectors
{∂t, ∂i} that generate the time and spatial translations symmetries in each of the xi directions.
Associated to each of these symmetries, we can find (D−1) ADM charges relative to the pure
AdS background via the prescriptions given, for example in [16].
The mass M is the asymptotic charge corresponding to the timelike Killing vector, which
reads
M = (D − 2) r
D−1
+ v
16πGℓ2
. (1.4)
Here, we have defined the dimensionless quantity v ≡∏D−2i=1 Liℓ which is the volume of the box
B with sides parallel to the transversal directions in units of L. Similarly, we can calculate
the (D − 2) ADM tensions corresponding to each of the translation symmetry generators
τi = −
rD−1+ v
16πGℓ2Li
, (1.5)
where these should be interpreted, in fact, as tensions per unit time, given that a time integra-
tion is ommitted. We should note that the same results are obtained by using the holographic
stress-energy tensor. Thus, the Smarr relation
M +
D−2∑
i=1
τiL
i = 0 (1.6)
can be interpreted as the trace of the conformal stress tensor being zero, as is expected for
the dual thermal CFT.
Furthermore, by imposing that the entropy be related to the horizon area via S = A/4G
and calculating the temperature with the usual prescription T = f ′(r+)/4π we obtain, in
terms of r+,
S =
rD−2+ v
4G
, T =
D − 1
4
r+
πℓ2
. (1.7)
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It is then straightforward to verify that, if the AdS scale ℓ and the compactifying lengths Li
are not regarded as thermodynamic variables, the Smarr relation
(D − 1)M = (D − 2)TS (1.8)
and the first law of thermodynamics
dM = TdS (1.9)
are satisfied. However, in the extended thermodynamics, we do allow a variation in ℓ and Li
to obtain a differential relation similar to (1.2). We calculate the geometric volume of the
planar black hole by integrating the volume element over the interior
V =
∫ r+
0
dr
∫
B
d~x
√−g = vr
D−1
+
D − 1 , (1.10)
and we identify the spacetime pressure with the cosmological constant
P = − Λ
8πG
=
(D − 1)(D − 2)
16πGℓ2
. (1.11)
Let us observe that
PV = M. (1.12)
Therefore, we can combine (1.6) and (1.8) to obtain a Smarr relation that involves all the
thermodynamic quantities
(D − 3)M = (D − 2)TS +
D−2∑
i=1
τiL
i − 2PΘ (1.13)
where the thermodynamic volume Θ is one half of the geometric volume:
Θ ≡ V/2. (1.14)
Note that this Smarr relation, unlike (1.8), can be derived from the usual scaling argument
according to the engineering dimensions of the thermodynamic charges. With these quantities,
the following first law of planar black hole thermodynamics is satisfied
dM = TdS +
D−2∑
i=1
τidL
i +ΘdP. (1.15)
It is interesting to note that, although the extended thermodynamics of black branes has been
studied for some time, the relation between the geometric and thermodynamic volumes has
never been explicitly stated. This relation is true for planar black holes, but in the spherical
case the factor of 1/2 is absent. Although this may seem puzzling, the ultimate reason is
that when we compactify the transverse dimensions, the thermodynamic variables depend
on the dimensionless transverse volume v, which is dependent on ℓ. Varying the AdS scale
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will then change the value of v. In the spherical case, the transverse coordinates are already
compactified so this does contribution does not exist.
The thermodynamics of black branes can be recast without making any reference to the
geometric volume; we can express the variable conjugate to the pressure solely in terms of M
and Λ. Namely, using (1.12), we can write
dM = TdS +
D−2∑
i=1
τidL
i +
M
2Λ
dΛ. (1.16)
Armed with this simpler case, we can now proceed to generalize these laws to a spacetime that
contains a single scalar field; the generalization to many scalar fields should be straightforward.
We will find that the first law as written in (1.16) applies also to the hairy black branes. An
equation analogous to (1.15) can also be written using an appropriate generalization for the
definition of volume.
In the next section we will review the behaviour of fully back-reacted black brane solutions
to the Einstein-Scalar field equations and calculate the asymptotic charges in a very general
setting. In section 3 we obtain a Smarr relation akin to (1.13) by proposing a generalization
for the volume term, which turns out to be similar to that conjectured in [2] and involves
a volume integral of the scalar potential between the Poincaré and event horizons. We then
prove that the proposed quantities satisfy an extended first law. In section 4 we exhibit various
examples from the literature and show explicitly that they satisfy the proposed thermodynamic
relations. Section 5 is dedicated to the discussion of our results.
2 Hairy black brane solutions
2.1 Asymptotic behaviour
We seek to describe the thermodynamics of black branes with scalar hair in a very general
setup. This means that we need to characterize some universal asymptotic behaviour for
spacetimes in which a scalar field φ couples minimally to gravity in aD-dimensional spacetime.
This physical situation is described by the bulk action
Ibulk = −
∫
dDx
√−g
(
R
16πG
− 1
2
∂µφ∂
µφ− 2ΛV(φ)
)
. (2.1)
As can be read from this expression, the scalar potential is taken to be of the form V (φ) =
−2ΛV(φ) where V(φ) is has no explicit dependence on the parameter Λ. To solve for the
metric, we need to find solutions to the Einstein field equations with a negative cosmological
constant in the presence of the scalar field, which gives rise to a non-trivial stress energy
tensor.
We are interested in radially symmetric spacetimes, and we will assume that the scalar
field respects the same symmetries. With this in mind, the most general metric ansatz in
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Poincaré coordinates is given by [17]
ds2 =
r2
ℓ2
e2A(r)(−h(r)dt2 + δijdxidxj) + ℓ
2
r2
σ2(r)
h(r)
dr2, i = 2, . . . ,D. (2.2)
The constant ℓ in this expression is related to the prefactor Λ of the potential, which will be
varied in the solutions to establish the extended thermodynamics. For asymptotically AdS
spacetimes, the relation is
Λ = −(D − 1)(D − 2)
2ℓ2
; (2.3)
however, this relation may change for different asymptotic behaviours of the solutions. An
example of this case are the asymptotically dilaton AdS spacetimes [18–20], where the potential
is given by an exponential function of a scalar field with a finite value at infinity. In this work,
we will restrict our study to asymptotically AdS spacetimes. In terms of the potential, this
means that V(φ∞) = 1/16πG, where φ∞ is the limit of the value of the scalar field as one
approaches the conformal boundary.
In terms of the functions A(r), σ(r) and h(r), there are three independent gravitational
field equations which read
(D − 2) (rA′ + 1) ((D − 1)h (rA′ + 1) + rh′)− 8πG(r2hφ′2 − 2ℓ2V (φ)σ2) = 0, (2.4)(
((D − 1)rA′ +D)− rσ
′
σ
)
h′ + rh′′ = 0, (2.5)
r
(
(D − 2)A′′ + 8πGφ′2)+ (D − 2)A′ − (D − 2)(1 + rA′)σ′
σ
= 0. (2.6)
The condition that the spacetime be asymptotically AdS translates into the limits A → 0,
σ → 1 and h → 1 as r → ∞. In general, it is no trivial matter to obtain solutions to
these coupled equations. The handful of solutions that have been found in the literature use
a specific form of the potential that allow for exact solutions (see, for example: [21–23]).
Nevertheless, we can make some progress as equation (2.5) allows us to express the blackening
factor h as the exact integral, independent of the form of the potential. We obtain
h(r) = (D − 1)µ
∫ r
r+
e−(D−1)A(r)σ(r)
rD
dr, (2.7)
where the constant µ is chosen so that h → 1 as r → ∞. The radial value r+ is a zero of h,
which is required to exist if we are to have a horizon at r = r+. Note that, at large values of
r, we can expand
h ∼ 1− µ
rD−1
+ . . . (2.8)
The full characterization of the asymptotics of the metric will depend on the particular
form of the scalar potential. Without loss of generality, if φ → 0 as r → ∞, the asymptotic
behaviour of the scalar field to leading order in r is
φ ∼ φ0
rD−1−∆
+
φ+
r∆
. (2.9)
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Here, the exponent ∆ is fixed by the specific form of the potential and corresponds holo-
graphically to the conformal dimension of the dual operator. In the following, this asymptotic
behaviour is taken to be fixed.
In the above, we have not made any assumptions about the behaviour of the metric close
to r = 0. In section 3, we will impose a certain condition on the behaviour of the functions so
that there is a singularity at r = 0 and the integral of the potential is finite inside the horizon.
2.2 ADM charges
We face a challenge when calculating the masses of scalar field spacetimes using the ADM
method: if we have an asymptotic behaviour of the scalar field characterized by two or more
parameters, then it has been shown in [24] that the Hamiltonian variation at infinity cannot
be expressed as a total derivative, so the mass is not well defined. We will circumvent this
problem by taking the pure scalar field spacetime as the background, and calculate the mass
contribution of the planar black hole only. Fot this purpose, we will use a version of the
Hamiltonian formalism introduced in [16].
To calculate the ADM mass, first we foliate spacetime with spacelike hypersurfaces Σ,
with unit normal vector nµ. The induced metric in these hypersurface is then
γµν = gµν − nµnν . (2.10)
The canonical momentum associated to γµν is
πµν = −√γ (Kγµν −Kµν) (2.11)
where Kµν is the extrinsic curvature of Σ. The second ingredient in the calculation is a back-
ground metric, which we take to be the pure scalar field spacetime, defined by setting h(r) = 1
in (2.2). The induced background metric in the boundary and its conjugate momentum are
denoted by γ
(0)
µν and π
(0)
µν respectively. The corresponding differences between the quantities
on Σ and on the background are denoted by δγµν and δπµν .
The ADM mass is the conserved charge associated to the conserved Noether current
correspondent to the time translation symmetry of our spacetime. The background Killing
vector that generates this symmetry is ξ = ∂/∂t. If F is the lapse of ξ, meaning the component
of ξ along the direction of the normal vector field to the foliation Σ, and F a is the shift, the
component parallel to the family of hypersurfaces, then the mass can be expressed as
M = − 1
16πG
∫
∂Σ∞
dacB
c (2.12)
where [16]
Bc = F (Dcδγ−Dbδγbc)−δγDcF +δγcbDbF + 1|γ|F
d
(
π(0)abδγabγ
(0)c
d + 2π
(0)cbδγdb − 2δπcd
)
.
(2.13)
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Here, Da denotes the covariant derivative corresponding to the background induced metric
s
(0)
ab . We note that, in general, there is an additional contribution of matter to the vector
Bc. For our purposes, we will hold the asymptotic behaviour of the scalar field fixed, so that
δφ = 0. We can take a foliation Σ such that the normal vector field to the surfaces is parallel
to the timelike Killing vector ξ = ∂/∂t. As a consequence, ξ has lapse F = r/L and shift
F a = 0. In our case, the perturbations read δγtt = δγrr = µ/r
(D−1). Evaluating the mass of
the black brane we obtain, in D spacetime dimensions
M = (D − 2) µv
16πGℓ2
. (2.14)
The tensions can be calculated in a similar way [15]. The only difference is that the
foliation of spacetime is now given by timelike hypersurfaces (changing the minus sign in
(2.10)). This foliation is chosen in such a way that the normal vector is parallel to the Killing
vector ξk = ∂/∂x
k. For the spatial tension associated to the symmetry in the k-th spatial
direction we obtain
τk = − µv
16πGℓ2Lk
, (2.15)
As in the case of the hairless black brane, we find that the mass and the tensions satisfy
M +
D−2∑
i=1
τkL
k = 0. (2.16)
Having assumed that the spacetime is asymptotically AdS, this is again interpreted as the trace
of the stress energy tensor in the dual CFT being zero1. We do not expect this to hold in the
case where the asymptotics deviate from anti-de Sitter. Such hyperscaling violating spacetimes
and their thermodynamics have been studied, for example, in the case of asymptotically dilaton
AdS spacetimes [20].
It is worthwhile to insist on the fact that the mass calculated above does not include
the energy contribution from the scalar field; as such it represents a gravitational energy.
To account for the energy contained in the scalar field, one would have to use either the
holographic [25, 26] or Wald prescriptions [27] using appropriate counterterms [28–30]. In this
paper we do not vary the asymptotic behaviour of the scalar field, so it will not contribute to
the first law of thermodynamics. Work in these lines, albeit without varying the cosmological
constant, has been carried out in [31, 32].
3 Extended thermodynamics
3.1 Smarr relation
We now proceed to derive a Smarr relation for the scalar-black brane solution. Such an
equation will relate the mass to the entropy, the tensions and the black brane volume, which
1The dual to a scalar black brane spacetime is a QFT that comes from a deformed CFT. This traceless
property refers to the stress energy tensor of the non-deformed theory.
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is in general different from the vacuum black brane spacetime. Obtaining such an equation
tells us what to expect the thermodynamic volume to be equal to, so that we can check
the first law of thermodynamics later. There are two ways to go about this: the first is to
perform a scaling transformation and use Euler’s theorem, which is straightforward provided
that we already know the first law; the second is to use geometric methods, namely a Komar
intergration. In this section we will illustrate how to derive the Smarr relation using the
scaling argument.
The scaling method was already presented in [31] in the context of a fixed cosmological
constant. We utilize this result in order to generalize it to varying compactifying and AdS
scales. Under a scaling transformation. Without rescaling ℓ, there exists a scaling symmetry
of the metric
r → λr, t→ λ−1t, xi → xiλ−1 (3.1)
provided that µ → λD−1µ. The entropy scales as S → λD−2S, as can be deduced from
dimensional analysis. Considering the mass as a function only of the entropy, we observe that
M(S) is a homogeneous function such that
M(λD−2S) = λD−1M(S). (3.2)
Euler’s theorem for homogeneous functions states that, if a function f is such that
f(λpx, λqy, λrz) = λsf(x, y, z), (3.3)
then
sf = p
(
∂f
∂x
)
+ q
(
∂f
∂y
)
+ r
(
∂f
∂z
)
. (3.4)
The homogeneity of the mass along with this theorem imply that we must have
(D − 1)M = (D − 2)
(
∂M
∂S
)
S. (3.5)
This relation still holds true once we vary the compactifying and AdS scales. However, it is
not useful to define a thermodynamic volume. First of all, one would need to know a priori
that ∂M/∂S is the temperature to obtain a Smarr relation as in equation (1.8), and for that
we need to know that a first law dM = TdS holds true. This is indeed the case, as shown in
[31]. Secondly, we need to study the mass dependence on the cosmological constant to obtain
a relation akin to (1.13). We can do this by noticing that the scaling transformation
r → λr, t→ λt, xi → λxi, ℓ→ λℓ (3.6)
is a symmetry of the metric. Note that because of the transformation rule for the transversal
coordinates xi, the compactifying lengths scale as Lk → λLk.
Considering the mass as a function of the Lk and the cosmological constant, we see that
it is homogeneous in the following way:
M(λD−2S, λLk, λ−2Λ) = λD−3M(S,Lk,Λ). (3.7)
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Then Euler’s theorem immediately implies that
(D − 3)M = (D − 2)
(
∂M
∂S
)
S +
∑
k
(
∂M
∂Lk
)
Lk − 2
(
∂M
∂Λ
)
Λ. (3.8)
Now, we recall that M +
∑
Tk
Lk = 0 from the fact that the holographic stress energy tensor
must be traceless. Then, by subtracting 2M on each side of equation (3.5), it is permissible
to write
(D − 3)M = (D − 2)
(
∂M
∂S
)
S +
∑
k
τkL
k − 2
(
M
2Λ
)
Λ. (3.9)
From this we could identify, up to some overall coefficients, ∂M/∂Lk = τk and ∂M/∂Λ =
M/2Λ, the latter being proportional to the volume term. This turns out to be the correct
identification but an independent derivation of the first law is needed to make it precise.
3.2 Komar Integration
Before deriving such a first law, we present a geometric derivation of the Smarr relation
using Komar integration. This derivation will elucidate a relation between the integral of the
potential behind the black brane horizon and the volume term. By tracing out the gravitational
field equations, we can express the Ricci tensor as
Rµν = 8πG
(
∂µφ∂νφ+
2
D − 2gµνV (φ)
)
; (3.10)
then, we contract this equation with the timelike Killing vector ξα and, using the Killing
identity ξα = −Rαβξβ, we observe that
∇µ∇µξν + 16πG
D − 2ξ
νV (φ) = 0. (3.11)
We have assumed that the scalar field is static, so that ξα∂αφ = 0. This also implies that
the divergence ∇α(ξαV (φ)) vanishes. Therefore, there exists a Killing potential, which is a
2-form ωαβ such that
V (φ)ξβ = ∇α(V (φ)ωαβ). (3.12)
Combining the previous results, we have that
∇µ
(
∇µξν + 16πG
D − 2ω
µνV (φ)
)
= 0. (3.13)
We can then calculate the integral of this vanishing 1-form over a codimension-1 spacelike
hypersurface Σ and, by virtue of Stokes’ theorem, we may express this result as
I =
∫
∂Σ
dσµν
(
∇µξν + 16πG
D − 2ω
µνV (φ)
)
= 0. (3.14)
where σµν is the binormal to the boundary of Σ, given a choice of orientation. The boundary
∂Σ has a component at infinity and a component at the bifurcation surface H. Hence, we can
cast this as a sum I∞ − IH = 0.
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The assumption of spherical symmetry implies that the only non-vanishing components
of ωαβ are ωrt = −ωtr. In fact, we can use equation (3.12) to express this component in terms
of an integral of the potential
ωrt =
1√−gV (φ)
∫ r
ρ
dr′
√−gV (φ). (3.15)
Here ρ is a constant of integration and is therefore arbitrary, and it accounts for the fact that
the Killing potential is unique only up to the addition of a closed 2-form. The integral (3.14)
can then be rewritten as
I =
∫
dD−2x
√−g∇rξt + 16πG
D − 2
∫
dD−2x
∫ r
ρ
dr′
√−gV (φ) = 0. (3.16)
We need to evaluate this integral at infinity and at the horizon. Both integrals will depend on
our choice of ρ, but we expect this dependence to cancel out. Remarkably, there is an exact
expression for the integral I that comes from using the equations of motion. First, one must
use (2.6) to find φ′ in terms of the metric functions A and σ. This result can be plugged into
equation (2.4) to solve for the potential. Then the quantity
√−gV (φ) is a total derivative in
the radial variable, so the indefinite integral can be readily calculated. As a result we obtain
W (r) ≡
∫
dr
√−gV (φ) = −(D − 2)r
D−1h(r)e(D−1)A(r) (rA′(r) + 1)
16πGℓDσ(r)
. (3.17)
There are no integrals over the radial coordinate for the ∇rξt term, so this term can be
evaluated without any further complications. The result is
∇rξt = r (2h(r) (rA
′(r) + 1) + rh′(r))
2ℓ2σ2(r)
. (3.18)
We can use these results to get a simple expression for the integrand in (3.16). We obtain
I =
rDe(D−1)A(r)h′(r)
2ℓ2σ(r)
v − 16πGW (ρ)
D − 2 v (3.19)
With this expression at our disposal, we can calculate I∞ at a sphere at infinity and IH at the
horizon. Here, we note that W (r+) = 0 provided that σ(r), A(r) and its derivative are finite
at the horizon, that is, we assume that the coordinate singularity at r = r+ comes only from
the blackening factor h(r). We also use the fact that ξα generates the black brane horizon,
and hence the integral of ∇µξν over H is equal to 8πGTS. The asymptotic behaviours of A
and h allow us to express
I∞ = 8πG
(
D − 1
D − 2M −
2W (ρ)v
D − 2
)
, (3.20)
IH = 8πG
(
TS − 2W (ρ)v
D − 2
)
. (3.21)
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Upon imposing I∞ = IH , the ρ dependent terms cancel. We also note that the divergent part
of the integral of ∇rξt is always cancelled by the integral of the potential, yielding a term
proportional to the mass. We thus obtain the Smarr relation
(D − 1)M = (D − 2)TS, (3.22)
which is the same as (1.8). Thus, considering Λ and Lk thermodynamic variables as before
and defining P = −Λ/8πG, we obtain the following Smarr relation analogous to (1.13):
(D − 3)M = (D − 2)TS +
D−2∑
i=1
τiL
i − 2PΘ. (3.23)
Here, we have subtracted 2M on each side of (3.22) by using (2.16) and by defining the
thermodynamic volume
Θ ≡ −4πGM/Λ. (3.24)
This means that the extended thermodynamics of black branes is in fact very simple, and
the thermodynamic volume can be readily calculated once we know the mass. Comparing
to the purely gravitational case, this makes us wonder what is the relation between this
thermodynamic volume and the actual geometric volume enclosed between the singularity
and the black brane horizon. This relation was straightforward in the hairless case: all one
had to do is to calculate both volumes in terms of r+ and compare, then we observed that the
thermodynamic volume was one half of the geometric one. In our present case, this relation
is a bit more complicated but, as we will see, the integral of the potential over the volume
behind the horizon turns out to be proportional to the mass, from which Θ can be readily
calculated. The constant of proportionality depends on the particular form of the solution
but has a simple expression when the metric is expressed in Poincaré coordinates. Consider
the integral
Υ =
∫
B
dD−2x
∫ r+
0
drV (φ) = (W (r+)−W (0))v. (3.25)
We know that W (r+) is zero, so all that remains to do is to calculate W (0). This may
seem complicated because we did not impose a particular behaviour of the metric in the deep
infrarred. However, under certain conditions, we can simplify its calculation. First, we need
to assume that both A(r) and its derivative are finite as r goes to zero. Secondly, we assume
that σ(r) ∼ 1/rα, α ≥ 1 −D as r → 0. This last assumption ensures that the integral Υ is
finite and that there is a singularity of the metric at r = 0. We can then calculate the limit
using the exact formula for h(r):
W (0) = lim
r→0
(
−(D − 2)r
D−1h(r)e(D−1)A(r) (rA′(r) + 1)
16πGℓDσ(r)
)
= −
(
(D − 2)e(D−1)A(0)
16πGℓD
)
lim
r→0
h(r)
σ(r)/rD−1
. (3.26)
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We observe that when α ≥ 1−D, then both h and σ/rD−1 diverge as r approaches zero. This
means that we are allowed to use L’Hopital’s rule to evaluate the above limit.
W (0) = −
(
(D − 2)e(D−1)A(0)
16πGℓD
)
lim
r→0
h′(r)
(
σ′(r)
rD−1
− (D − 1)σ(r)
rD
)−1
= −
(
(D − 2)(D − 1)µe(D−1)A(0)
16πGℓD
)
lim
r→0
e−(D−1)A(r)σ(r)
rD
(
σ′(r)
rD−1
− (D − 1)σ(r)
rD
)−1
=
M
v
lim
r→0
(
1− 1
D − 1
rσ′(r)
σ(r)
)−1
=
M
v
(
D − 1
D − 1 + α
)
. (3.27)
Therefore, the integral Υ becomes
Υ = −
(
D − 1
D − 1 + α
)
M. (3.28)
Plugging this into the thermodynamic volume Θ = −4πGM/Λ, we conclude that
Θ = 8πG
(
1 +
α
D − 1
)∫
B
dD−2x
∫ r+
0
drV(φ). (3.29)
This provides evidence for the conjecture that the thermodynamic volume must be propor-
tional to the integral of the potential behind the horizon in the case of a hairy black hole.
However, we are not finished yet. We need to prove that we can obtain an extended first law
using this proposed definition of thermodynamic volume. This is the purpose of the following
subsection.
3.3 Extended first law
The Hamiltonian method that we previously employed to calculate the mass and the tensions
can also be used to derive the first law of thermodynamics. The trick is to take the scalar
black brane spacetime as the background spacetime, and then calculate the mass of a the
spacetime given by a metric with the parameters µ, ℓ and Lk slightly shifted. This will give
us a relation between the perturbed parameters δµ, δℓ and δLk, and from here we can obtain
the first law of thermodynamics. This procedure is known as the Hamiltonian perturbations
formalism [1, 16, 20].
When we have a variable cosmological constant, this procedure needs to be done with
more care, as now the Hamiltonian for the scalar fields needs to be taken into account. This
is due to the fact that, even though we keep the asymptotic behaviour of the scalar field
constant, the potential has an explicit overall factor of Λ that needs to be accounted for in
the perturbations. The linearized perturbations can be shown to satisfy the Einstein field
equations; as a consequence, on a constant time slice Σ,
Da
(
Ba
16πG
+ 2δΛV(φ)ωabnb
)
= 0. (3.30)
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Here Ba is calculated as in (2.13) and we use the same notation as in section II B. This time,
the metric perturbations as r goes to infinity are given by
δγrr =
(
ℓ
r
)2 δµ
rD−1
, (3.31)
δγij = δij
r2
ℓ2
(
2
δLk
Lk
− 2δℓ
ℓ
)
. (3.32)
To establish the first law, we integrate (3.30) over Σ and use Stokes’ theorem to express it
as a boundary integral. As before, the boundary of Σ has disconnected components ∂Σ∞ at
infinity and ∂ΣH at the horizon. We define
J∞ =
∫
∂Σ∞
dσa
(
Ba
16πG
+ 2δΛV(φ)ωabnb
)
, and (3.33)
JH =
∫
∂ΣH
dσa
(
Ba
16πG
+ 2δΛV(φ)ωabnb
)
; (3.34)
therefore we have J∞ − JH = 0. For our purposes, it is easier to express the potential part of
the integral as a volume integral. This can be done by virtue of (3.15), so that
∫
∂Σ∞
dσa
(
Ba
16πG
)
+ 2δΛ
∫
dD−2x
∫
∞
r+
dr
√−gV(φ) =
∫
∂ΣH
dσa
(
Ba
16πG
)
. (3.35)
This allows us to use the exact expression for the integral of the potential that we cal-
culated previously in (3.17). It only remains to calculate all these integrals and express the
variations in terms of δM . As shown in [33], the integral at the horizon evaluates to −TδS,
no matter what gauge fields are present Lagrangian. We proceed to evaluate, for a fixed large
r hypersurface
∫
∂Σr
dσa
(
Ba
16πG
)
= −(D − 2)
8πG
rD−1
ℓD+1
δℓ+
M
ℓ
δℓ− δM −
D−2∑
k=1
τkδL
k, (3.36)
2δΛ
∫
dD−2x
∫
∞
r+
dr
√−gV(φ) = (D − 2)
8πG
rD−1
ℓD+1
δℓ− 2M
ℓ
δℓ. (3.37)
Putting all of this together and expressing the variations of ℓ in terms of δΛ, we get the first
law for scalar black brane spacetimes
dM = TdS +
D−2∑
k=1
τkL
k +
M
2Λ
dΛ, (3.38)
which is the same as in the vacuum solution (1.3). Defining the pressure P as in (1.11) and
the thermodynamic volume Θ = −4πGM/Λ , we obtain
dM = TdS +
D−2∑
k=1
τkL
k +ΘdP. (3.39)
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As we see, the only difference between the hairy and non-hairy cases is that the ther-
modynamic volume Θ is related in a different way to the natural generalization of geometric
volume
V = 16πG
∫
B
dD−2x
∫ r+
0
drV(φ). (3.40)
From equation (3.29) we have, more precisely, that the relation between these two volumes is
Θ =
1
2
(
1 +
α
D − 1
)
V, (3.41)
where we recall that σ ∼ 1/rα close to r = 0, so it characterizes the infrared behaviour of the
metric. This geometric volume2 is in general difficult to calculate as, in the explicit solutions,
the expressions for the scalar potential are quite complicated. It is remarkable that there is
such a simple expression for this integral of the potential in terms of the mass, but we must
note that such a relation is not that straightforward in the case of spherical black holes. We
leave this analysis for future work.
4 Application to explicit solutions
4.1 Hypergeometric solution
Having derived a first law and a Smarr relation for hairy black branes, an obvious sanity
check is to verify that these hold for some explicit solutions. The Einstein field equations
are not easy to solve exactly and moreover, it is only possible to do so when the form of the
potential allows for an explicit integration of the metric. When this is possible, the constants
of integration give us a family of solutions. In our sample metrics, we will also verify the
relation (3.41) between the thermodynamic and geometric volumes in some particular cases
where the integration of the potential is not too complicated.
The first sample solution that we will study was derived in [23], which we review here.
The potential is given by3
16πGV (φ) =2Λ(cosh φ)
νk
2
0
D−2
(
1− η(sinhφ)D−1ν 2F1
(
D − 1
2ν
,
νk20
4(D − 2) ,
D + 2ν + 1
2ν
, sinh2 φ
))
×
(
1− ν
2k20 tanh
2 φ
2(D − 1)(D − 2)
)
+ 2Λη(cosh φ)
νk
2
0
2(D−2) (sinhφ)
D−1
ν . (4.1)
Here η, k0 and ν are numerical constants that parametrize this class of solutions. The constant
ν is required to be in the interval 1/2(D − 1) < ν < (D − 1) so that the mass of the scalar
satisfies the BF stability condition and the potential reaches a local maximum at φ = 0. With
2The hairless case can be considered to be a solution with a constant scalar field and a potential equal to
2Λ/16piG. This is the reason why the prefactor of 16piG is needed in this definition. Let us observe that when
α = 0, the thermodynamic volume is half of the geometric volume, as expected.
3This potential and the following one are slightly adapted from the original source so that they are of the
form V (φ) = 2ΛV(φ).
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this potential, it is straightforward to verify that, by plugging in A(r) = 0 and the following
functions in our ansatz (2.2)
σ(r) =
(
1 +
q2ν
r2ν
)− νk20
4(D−2)
, h(r) = 1− q
D−1η
rD−1
2F1
(
D − 1
2ν
,
νk20
4(D − 2) ,
D + 2ν + 1
2ν
,−q
2ν
r2ν
)
(4.2)
and with the scalar field
φ = sinh−1
(
qν
rν
)
(4.3)
then the Einstein field equations are satisfied. By expanding the function h(r) near infinity,
the mass and the tensions and the thermodynamic volume can be read off:
M = (D − 2) ηq
D−1
16πGℓ2
v, τk = − ηq
D−1
16πGLkℓ2
v, Θ =
ηqD−1
2(D − 1)v (4.4)
The temperature T and the entropy S can be found using the usual methods. We find
T =
(D − 1)ηqD−1
4πrD−2+ ℓ
2
, S =
rD−2+ v
4
, (4.5)
so indeed, we verify that (D − 1)M = (D − 2)TS and, with P = −Λ/(8πG), we also obtain
the extended Smarr relation (3.23). To derive the first law, we observe that h is a function of
q/r so, given that h(r+) = 0, then q/r+ must be a constant and the variations are related via
δr+ =
r+
q
δq. (4.6)
Using this fact, the extended first law (3.39) can be readily verified.
Now we would like to find the relation between the geometric and thermodynamic volumes.
As we can see, the volume integral of the potential is not trivial to carry out. As an example,
we use D = 5, ν = 2 and k0 = 1, given that the integral simplifies significantly in this case
4.
Expressing the potential in terms of the coordinate r, we have
16πGV (φ(r)) = −
Λ
(
36ηr2/3
(
q4 + r4
)5/6 − (6η + 5) (5q4 + 6r4))
30r4/3 (q4 + r4)2/3
. (4.7)
From this expression, we can calculate the indefinite volume integral of the potential
16πG
∫
d3x
∫
dr
√−gV (φ(r)) = − 2
5ℓ2
(
3
2
(6η + 5)r10/3 6
√
q4 + r4 − 9ηr4
)
v. (4.8)
We would like to integrate this from r = 0 to r = r+. The antiderivative evaluates to zero at
r = 0; to evaluate at r = r+, we can find the value of q
4 from the equation h(r+) = 0. The
hypergeometric function simplifies in this case and we get
q4 =
(
5× 64/5 5
√
5
η + 6 +
(
69/5 5
√
5
η + 6− 36
)
η
)
r4+
36η
. (4.9)
4i.e. Mathematica can do it.
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Replacing this in the indefinite integral (4.8), and defining Υ as in (3.25) we obtain
Υ = −18
5
q4η
16πGℓ2
v = −6
5
M. (4.10)
The geometric volume defined in (3.40) can also be calculated using this integral. The result
is
V =
3q4η
10
v =
12
5
Θ. (4.11)
With the knowledge bestowed to us by equation (3.41), we could have arrived to this
result without so much trouble. All we need to do is expand the function σ(r) around zero.
We observe that for small r, σ(r) ∼ r2/3. We then identify α = −2/3 so, replacing this value
in formula (3.41) we get
Θ = 5/12V, (4.12)
as required. In general, it is hard to integrate the hypergeometric function, as it will not
always reduce to an algebraic expression like above. However, with our result (3.41) we can
assert that for general values of the metric parameters
Θ =
1
2
(
1− ν
2k20
2(D − 1)(D − 2)
)
V. (4.13)
4.2 Double branch solution
The second example, which we call the double branch solution, is a somewhat better known
solution. It was first proposed in the 5 dimensional case in [21] and, more recently, it was
generalized to an arbitrary number of spacetime dimensions in [22]. The chemistry of spherical
black hole solutions analogous to this one has also been recently developed in [14] and [34].
This solution is interesting because it allows to calculate explicitly the beta functions of the
relevant deformation couplings in the holographic RG flow, as opposed to the previous example
which is dual to a vev-driven flow.
However, for our purposes, this solution is not as convenient as the hypergeometric one.
This is due to the fact this solution is not expressed in Poincaré coordinates. We can directly
verify the Smarr relation and the first law, whence coordinates do not matter, and then
integrate the potential to find that there is indeed a proportionality relation between the
thermodynamic and geometric volumes. Under the assumptions we used to derive equation
(3), we can locally change coordinates and find the asymptotic behaviour of the metric close to
r = 0. We can then verify that the proportionality constant is given by our prescription, but
additional work is needed because we need to recover the Poincaré coordinates in the infrared.
We must also note that this solution has two branches in which the radial coordinate is defined
over different intervals. The branch chosen depends on the sign of the scalar field, which does
not change in this solution.
For simplicity, we will work in the 5 dimensional case. The Smarr relation and first law
in the D-dimensional case can be derived in a similar fashion, but integrating the poten-
tial becomes easier in 5 dimensions. A dimensionful parameter η is introduced to obtain a
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dimensionless radial coordinate x, so the metric takes the form
ds2 = Ω(x)
(
−f(x)dt2 + η
2dx2
f(x)
+ δijdx
idxj
)
. (4.14)
Then, with the potential
16πGV (φ) = 2Λ
(
(9ν2 − 5)e−φlν
8ν2
)(
1− 8µ
(ν2 − 25)(9ν2 − 25)
)
×
(
(ν − 1)e−νφlν
2(3ν + 5)
+
(ν + 1)eνφlν
2(3ν − 5) +
5
(
ν2 − 1)
9ν2 − 25
)
+ 2Λµ
e3lνφ/2
4ν3
[
5
(
ν2 − 1)
ν2 − 25
(
e−lννφ/2
3ν − 5 +
elννφ/2
3ν + 5
)
+
1
3
(
(ν + 1)e−3lννφ/2
(ν − 5)(3ν − 5) +
(ν − 1)e3νlνφ/2
(ν + 5)(3ν + 5)
)]
(4.15)
the Einstein field equations are solved by the metric functions
Ω(x) =
ν2xν−1
η2(xν − 1)2 , (4.16)
f(x) = −Λ
6
+Λµ
(
4
3(ν2 − 25)(9ν2 − 25) +
x5/2
12ν3
(
− x
−
ν
2
ν − 5 −
xν/2
ν + 5
+
x−
3ν
2
3(3ν − 5) +
x
3ν
2
3(3ν + 5)
))
,
(4.17)
and the scalar field
φ = l−1ν log(x); l
−1
ν =
√
3(ν2 − 1)
2
. (4.18)
The numerical constant ν ≥ 1 parametrizes different solutions; the value ν = 1 corresponds
to the vacuum solution. Only in this case, the change to Poincaré coordinates can be done
exactly. The Hamiltonian method can be used to derive the mass and the tensions, and from
them this we can identify the thermodynamic volume. We obtain
M =
(
1
16πG
)
µ
16η4ℓ2
v, τk = −
(
1
16πG
)
µ
48η4Lkℓ2
v, Θ =
1
4
µ
96η4
v. (4.19)
Defining x+ to be the largest root of f(x+) = 0, the entropy and temperature are found to be
T =
µ
∣∣xν+ − 1∣∣3
48πην3x
3
2
(ν−1)
+ ℓ
2
, S =
ν3x
3
2
(ν−1)
+
4Gη3
∣∣xν+ − 1∣∣3 v. (4.20)
Both the equality 4M = 3TS and the full Smarr relation with volume and tension terms
can directly be shown to hold with these quantities. Moreover, the extended first law is
also satisfied. This must be done with care, because the parameters that are to be varied
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independently to check the first law are the compactifying lengths, Λ and the parameter η,
which will change the scale and hence the position of the horizon when x+ is fixed.
In order to find the integral of the potential between the Poincaré and black brane hori-
zons, we note that the radial coordinate ranges between 0 and 1, or 1 and infinity depending
on whether the scalar is negative or positive. In both cases, the conformal infinity is located
at x = 1, and the Poincaré horizon is at zero or at infinity respectively. We will work with the
second case, which corresponds to stable black branes. The integral is complicated but can be
computed exactly for any value of ν. We obtain, following steps similar to the hypergeometric
case
16πG
∫
d3x
∫ x+
∞
dr
√−gV (φ(x)) = − ν + 1
3ν + 5
µ
4η4ℓ2
v, (4.21)
so the relation between the geometric and thermodynamic volumes is
Θ =
1
8
(
3ν + 5
ν + 1
)
V. (4.22)
As an alternative to integrating the lengthy expression for the potential, we may simply
use formula (3.28). In order to do this, we need find the metric in Poincaré coordinates at
least locally close to x = ∞, which corresponds to r = 0. Here, we assume A(r) is finite, so
we must have that Ω(x(r)) ∼ r2. Under this assumption and from the expression (4.16) for
Ω(x), when x goes to infinity we must have
x ∼ r−2/(1+ν) and dx2 ∼ r−2(3+ν)/(1+ν)dr2. (4.23)
Using these, and the form of the ansatz (2.2), we must have that
σ ∼ r−α, α = 1− ν
1 + ν
. (4.24)
From the value of α and using (3.41), we again obtain relation (4.22).
5 Discussion
In this work we have obtained a very general Smarr relation and First Law of thermodynamics
for the gravitational energy of hairy black branes using purely geometric methods. The result
for the Smarr relation matches the one obtained from scaling arguments and allows us to
define a thermodynamic volume, which can be easily computed from the mass. This volume
is the conjugate variable to the pressure in the extended first law, and can be calculated simply
from the mass and the cosmological constant. For non-hairy black branes, the thermodynamic
and geometric volume are proportional to each other, and this also happens for the general
case. However, the constant of proportionality is dependent on the infrared behaviour of the
solution, namely
Θ =
1
2
(
1 +
α
D − 1
)
V, (5.1)
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where α characterizes the decay of the grr component as r → 0. With this result, we have
provided evidence of the conjecture that the integral of the potential behind the horizon is
proportional to the thermodynamic volume, if only for this particular horizon topology. To
provide a full proof, we must also deal with spherical and hyperbolic horizons. The evidence
provided in [2] suggests that a similar result holds. Proving this more general result is left for
future work.
Let us observe that the integral of the potential turns out to be proportional to the mass,
where the constant of proportionality is given by the behaviour of the metric close to the
Poincaré horizon. Thus, by just knowing the potential inside the horizon, the asymptotic
value of the potential and the metric at the infrared, we can know the mass. This means
that this information is enough to fix the asymptotics of the blackening factor with a simple
prescription. Hopefully this insight will help to find more explicit hairy black brane solutions
when prescribing some potential.
A possible extension of this work is to allow for other asymptotic behaviour of the solution.
The assumption that the spacetime is asymptotically AdS was relaxed in [20], where a similar
Smarr relation and first law hold. The volume gains some terms that are proportional to
the trace of the holographic stress-energy tensor. The example therein holds only for some
particular form of the potential, but it is plausible that this result is much more general.
With the methods that we have derived, it is likely that such a first law can be generalized.
Another possible extension of this work is to include variations of the asymptotic behaviour
of scalar field, thus obtaining a full thermodynamics of this spacetime. We would expect that
the volume term is modified, as the total energy would include contributions from the scalar
field. Deriving such a law could hopefully help us understand more about the holographic
interpretation of the volume term, which is still subject to much debate [35–39].
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